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An expression is derived for the thermal  charac te r i s t i c  impedance.  Equations are obtained 
for calculating the ampli tude-frequency and the phase- f requency cha rac te r i s t i c s  of p lanar -  
film t ransducers  with protect ive coating. 

Because of their excellent dynamic charac te r i s t i c s ,  film t ransducers  are successful ly  used in ther-  
moanemomete r s  for measur ing  all kinds of flow pa rame te r s  in turbulent fluids. In cer ta in  measurements  
(turbulence intensity, t r ansve r se  correlat ions)  it is neces sa ry  to know the ampli tude-frequency and the 
phase- f requency  cha rac te r i s t i c s .  Fu r the rmore ,  these cha rac te r i s t i c s  are also needed for the design of 
feedback amplif iers  for t he rmoanemomete r s .  

Direct  and indirect methods of measur ing  the frequency cha rac te r i s t i c s  of film t ransducers  as well 
as the underlying theoret ical  principles have been outlined [n [1-4]. It has been shown that the h igh- f re -  
quency ranges  of their  cha rac t e r i s t i c s  are  identical for  film t ransducers  of var ious shapes. The low-f re -  
quency cha rac t e r i s t i c s  depend considerably  on the t ransducer  geometry .  

We wilt analyze here the one-dimensional  version of the problem concerning the effect of protect ive 
coating on the f requency cha rac t e r i s t i c s  of a p lanar- f i lm t ransducer .  

For  a p rec i se  compensation of the film inert ia  it is n e c e s s a r y  to know the dynamic charac te r i s t i c  of 
the sensing element in the t ransducer .  The most  d i rec t  method of analysis is to plot the t rans fe r  function, 
which cha rac t e r i ze s  a l inear sys tem in t e rms  of a simple harmonic pa ramete r .  

The thermal  model and the e lect r ical  equivalent of such a t ransducer  are  shown in Fig. 1. 

According to Fig. lb, the equivalent e lect r ic  c i rcui t  consis ts  of a res is tance  and impedances.  Gen- 
erally,  Z~? and Z~? are analogs of RC-networks .  The t ransfer  function can then be written as 

(]07) = ~1i~0+ 1 
~g~o + 1 ' (1) 

with ~t and ~2 denoting the c losed-loop and the open-loop time constant respect ively,  and where j = ~Z-f. 

In the t r a n s d u c e r - t h e r m o a n e m o m e t e r  sys tem ~t would be the time constant of the amplif ier  and ~2 
would be the time constant which cha rac t e r i ze s  the thermal  inertia of the t ransducer .  

For  an open sys tem ~t = 0 and Eq. (1) simplifies to 

! ~  (/~o)i = 1IV 1 +(o~2) ~, (2) 

This equation is identical, except for  a constant, to the well known formula  [5] for calculat ing the 
ampli tude-frequency cha rac te r i s t i c s  of the rmoanemomete r  t ransducers .  

In o rde r  to account for  the effect of a dielectr ic  coating over  the t r ansducer  film on the frequency 
cha rac t e r i s t i c s  of such a t ransducer ,  it is neces sa ry  either to measure  the time constant of thermal  iner-  
tia or  to determine the t rans fe r  function in t e rms  of the given t ransducer  pa ramete r s .  
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Fig .  1. (a) T h e r m a l  model  and (b) the e l e c t r i c a l  equiv-  
a len t  of a p l a n a r - f i l m  t r a n s d u c e r  with p ro t ec t i ve  c o a t -  
lng, for  a t h e r m o a n e m o m e t e r .  

Let Tf be  the t e m p e r a t u r e  of the hot f i lm.  The t h e r m a l  f luxes  f r o m  f i lm  to s u b s t r a t e  and f r o m  f i lm  

to coating wi l l  then be  

OT Q~b= k~ S ~ ~=o aS; Qs~=k~ ~ o r  dS. (3) 
.J ax I~=o 

s s 

Here  k 1 and k 2 denote  the t h e r m a l  conduc t iv i ty  of the s u b s t r a t e  m a t e r i a l  and of the coa t ing  m a t e r i a l  r e -  

spec t ive ly .  

The q u a n t i t i e s  of hea t  t r a n s f e r r e d  f r o m  a un i t  a r e a  of s u b s t r a t e  su r f ace  and of coa t ing  su r f ace  pe r  
uni t  t ime  a re  r e s p e c t i v e l y  

Qgb:~ (T~--Tb); Qgc=a (Tg--Tc), (4) 

with Tb, Tc, and Tg denoting the temperature of the substrate, of the coating, and of the ambient fluid 
respectively. 

We will examine the heating of the film as a harmonic process. In this case 

T I = T O cos cot. (5) 

Under stable equilibrium conditions in the solid state, the temperature distribution produced by harmonic 
fluctuations of the surface temperature can be expressed as [6]: 

( T~ = T o exp t - -  o~t . (6) 

Here  XT = 2~r/,/~/2a. 

D i f f e r e n t i a t i n g  Eq. (6) and i n s e r t i n g  a p p r o p r i a t e  v a l u e s  into (3), we obtain 

Qlb[~=0 = - -  ldkl ~ T o (sin ~t+cos ~t); (7) 

To(sin~t+cos~t); (8) 
O 

t/o  ' (  2 lo / Qse]*=,c---- ldk2 ~ T~ k , - - ~ ]  

Here  a I and a 2 denote  the t h e r m a l  d i f fus[vi ty  of the s u b s t r a t e  m a t e r i a l  and of the p ro t ec t i ve  coa t ing  m a t e r i a l  

r e s p e c t i v e l y .  

We wi l l  c o n s i d e r  the ca se  w h e r e  the s u b s t r a t e  and the coa t ing  a re  made of the s a m e  m a t e r i a l  such 
as ,  fo r  example ,  P y r e x  g la s s .  Then  k~ = k 2 = k and a t = a 2 = a. [n this  m a t e r i a l  at a t h e r m a l  f r e quency  
f = 1 Hz the t h e r m a l  wave leng th  is  ~t T = 2 �9 10 .3 m. F r o m  the v iewpoin t  of the r e s u l t i n g  t e m p e r a t u r e  d i s -  
t r i bu t i on  it  does  not  m a t t e r  whe the r  the s u b s t r a t e  depth is in f in i t e  o r  equal  to one t h e r m a l  wave leng th .  
With this  in mind,  we wi l l  a s s u m e  that  no heat  is t r a n s f e r r e d  to the s t r e a m  of f luid f r o m  the s u b s t r a t e .  
Heat  is t r a n s f e r r e d  to the s t r e a m  f rom the s u r f a c e  of the p ro t ec t i ve  coa t ing  only.  
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Fig. 2. Thermal  charac te r i s t i c  impedance as a func- 
tion of the dimensionless  coating thickness at var ious 
f requencies:  1) f = 1 Hz; 2) 102 Hz; 3) 104 Hz. 

If Tlc denotes the tempera ture  of the coating surface,  then the quantity of heat t r ans fe r red  f rom that 
surfaee to the s t r eam can be expressed  by the following emptr tea[  formula  [2]: 

Q g c = - - d k g  Nu Tic , (10) 

where Nu = (0.519 t le~ Pr  ~ Re = ~ Pr  = Vg/ag, u iS the mean velocity of the s t ream,  ag is 
the thermal  dtffusivity of the fluid, and kg is the thermal  conductivity of the fluid. 

The t ransient  heat t r ans fe r  f rom the fi lm to the subst ra te  and to the coating is determined by the 
thermal  charac te r i s t i c  impedance Z T (Fig. lb). According to Fig. lb, Z T = Z~? + Z~, and 

Z~ = T :/( 2 Q : + =  o - -  Q:olx=,c) - (11) 

For  stmplifteation, we let l c = XT/360 ~ 5 #.  Then 

Insert ing (7) and (12) into (11), we obtain 

Z ,  = 1/ldk - ~  2--[exp - - - ~ -  ]). (13) 

The modulus of the thermal  eharae te r i s t t c  impedanee IZTI [s shown in Fig. 2 as a function of the 
eoating thtekness at var ious  frequeneies.  As the thermal  frequency increases ,  the absolute value of ZT 
dec reases .  This affects the sensi t ivi ty of the film t ransducer :  the sensit ivity decreases  rapidly with in- 
c reas ing  frequency.  This means in physical t e rms  that, as the thermal  f requency inereases ,  the thermal  
wavelength dee reases  and heat f rom the film is absorbed at low depths in the substrate and in the coating. 

The thermal  charae te r t s t te  res i s tance  121T will be expressed as 

RT = ( T g - -  T,c)/Qg z . (14) 

The t r ans fe r  function for  a p lanar - f i lm t ransducer  with protect ive coating will be sought in the general  
fo rm 

g/ (io~) = ZTI( ZT + RT)" (15) 

Solving Eq. (15), we find 

where 

IV/(j~o)[= A / I  / (A-?BI/7)2§ A 2, 

2~1~ . 

(1G) 

The tempera ture  phase shift will be defined as 
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Fig. 3. Ampli tude-frequency and phase-f requency cha r -  
ae ter i s t ies  of p lanar - f i lm t ransducers :  1) amplitude- 
phase cha rac t e r i s t i c s  of t r ansducers  with various thick- 
nesses  of protect ive coating; 2) ampli tude-frequency 
cha rac te r i s t i c  of a t r ansducer  without coating (experi- 
ment in [3]); 3) phase- f requency  cha rac te r i s t i c s  of t r ans -  
ducers  with var ious  thicknesses  of protect ive coating; 4) 
experimental  phase- f requency  charac te r i s t i c  of a t r ans -  
due er  without coating [ 1]. Phase  shift ~ (deg), f requency f 
(Hz). 
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lgqo= ~ 2 ( 2 r d ~ )  " (17) 
dlk V - f ~  [ --exp ( - - ~ ) ]  + d k g N u e x p \  ~T ] 

Ampli tude-frequency and ampli tude-phase cha rac te r i s t i c s  for  a p lanar - f i lm t ransducer  with pro tec-  
tive coating are  shown in Fig. 3. The mater ia l  of both substrate  and coating here  is py rex  glass .  It is 
easy to see that, as the coating thickness increases ,  the t ransducer  sensit ivity dec reases  rapidly. The 
tempera ture  phase shift at high frequencies  approaches 45 ~ The same is observed also in the ease of 
uncoated film t ransducers .  

Fo r  compar ison,  in Fig.  3 are  shown also ampli tude-frequency and phase-f requency cha rac t e r i s t i c s  
of hot-f i lm t ransducers  according to [1] and [3]. A compar ison  between calculated cha rac te r i s t i c s  of t r ans -  
ducers  with and without coating respect ive ly  indicates that a ve ry  thin coating (~ 5 p) has no appreciable 
effect on the t ransducer  sensit ivity.  

All these conclusions are  based on the assumption that s teady-s ta te  heat t r ans fe r  occurs  f rom the 
surface of a hot f i lm to the subst ra te  and to the coating, and f rom there to the fluid s t ream.  Heat losses  
in the film due to radiation are ve ry  small.  Fur the rmore ,  any heat t ransfer  to the end sur faces  of the 
t ransducer  has been d is regarded here.  

In view of this, the value obtained for the thermal  low-frequency impedance is somewhat on the high 
side. A compar ison between the ampli tude-frequency cha rac t e r i s t i c s  of t ransducers  with and without coat-  
tng (experiment) justif ies the asse r t ion  that this e r r o r  is within limits acceptable in thermoanemometr ic  
measurements .  

The resul ts  which have been shown here apply to a homogeneous c o a t i n g - s u b s t r a t e  system.  Such 
t ransducers  are  easi ly made of quartz and var ious  grades  of glass .  When the coating mater ia l  is differ-  
e n t f r o m t h e  substrate  mater ia l ,  then formulas  (16) and (17) can, in a somewhat more complex form, be 
used for  any s u b s t r a t e - c o a t i n g  system. 
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NOTATION 

09 

f 
T 
Q 
k 

XT 
l 
d 

lb 
Vg 

ZT 

RT 
q) 

Tj 

Tc 
T b 
lc = )~T, lc = XT/2, etc. 

Qfc 
Qm 
Qgc 
Z" 

Z' 

W 

ts the time coastarlt; 

ts the radian frequency; 

ts the frequency; 
ts the temperature; 
ts the thermal  flux; 
ts the thermal  conductivity; 
ts the heat t ransfer  coefficient; 
ts the thermal  dtffusivity in solid state; 
ts the thermal  wavelength; 
ts the length of film on sensing element, normal  to the direct ion of the s t ream; 
ts the width of film on sensing element, parallel  to the direction of the s t ream; 
ts the thickness of subs,rate;  
ts the kinematic viscosi ty  of fluid; 
ts the thermal  charac te r i s t i c  impedance; 
ts the thermal  charac te r i s t i c  res is tance;  
ts the phase-shi f t  angle; 
ts the tempera ture  of hot film (~ 
ts the tempera ture  of protect ive coating, at distance l c f rom the film; 
ts the tempera ture  of substrate,  at distance I b f rom the film; 
are  the thickness of protect ive coating, equal to thermal  wavelength, equal to 
half the thermal  wavelength, etc. ; 
is the thermal  flux from hot film to protect ive coating; 
is the thermal  flux f rom hot film to substrate;  
is the heat t ransfe r red  f rom protect ive coating to fluid s t ream; 
is the charac te r i s t i c  impedance of t ransient  heat t ransfer  f rom film to coat -  
ing (~ . s ee / J ) ;  
is the cha rac te r i s t i c  impedance of t ransient  heat t ransfer  f rom film to sub- 
strate (~ �9 see/J) ; 
is the relative sensitivity, dB. 
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